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Relativistic Arquimedes law for fast moving bodies and the 
general-relativistic resolution of the "submarine paradox" 
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We investigate and solve in the context of General Relativity the apparent paradox which appears 
when bodies floating in a background fluid are set in relativistic motion. Suppose some macroscopic 
body, say, a submarine designed to lie just in equilibrium when it rests (totally) immersed in a 
certain background fluid. The puzzle arises when different observers are asked to describe what is 
expected to happen when the submarine is given some high velocity parallel to the direction of the 
fluid surface. On the one hand, according to observers at rest with the fluid, the submarine would 
contract and, thus, sink as a consequence of the density increase. On the other hand, mariners at 
rest with the submarine using an analogous reasoning for the fluid elements would reach the opposite 
conclusion. The general relativistic extension of the Arquimedes law for moving bodies shows that 
the submarine sinks. 
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Suppose a submarine designed to lie just in equilibrium 
when it rests (totally) immersed in a certain background 
fluid. The puzzle appears when different observers are 
asked to describe what is expected to happen when the 
submarine is given some high velocity parallel to the di- 
rection of the fluid surface. On the one hand, according 
to observers at rest with the fluid, the submarine would 
contract and sink as a consequence of the density in- 
crease. On the other hand, mariners at rest with the 
submarine using an analogous reasoning for the fluid el- 
ements would reach the opposite conclusion. To the best 
of our knowledge, the first one to discuss this apparent 
paradox was Supplee 0. Because his analysis was per- 
formed in the context of Special Relativity, assumptions 
about how the Newtonian gravitational field would trans- 
form in different reference frames were unavoidable. In 
order to set the resolution of this puzzle on more solid 
bases, a general-relativistic analysis is required. We will 
adopt hereafter natural units: c = h = G = k = 1, and 
spacetime metric signature (—,+,+,+). 

Let us begin writing the line element of the most gen- 
eral spherically symmetric static spacetime as 



ds 2 



-f(r)dt 2 + g{r)dr 2 + r 2 (d0 2 + sin6 2 d<j) 2 ) , (1) 



where f(r) and g(r) are determined by the Einstein equa- 
tions G M „ = RirTfuv. We will consider the base planet 
where the experiment will take place as composed of 
two layers: an interior solid core with total mass M and 
r £ [0, R-] (R- > 2M) and an exterior liquid shell with 
r £ The gravitational field on the liquid shell 

will be assumed to be mostly ruled by the solid core, as 
verified, e.g., on Earth. In this case, the proper accelera- 
tion experienced by the static liquid volume elements can 
be approximated by (M/r 2 )/ yl — 2M/r and, thus, in- 



creases with depth. This physical feature will be kept as 
we model the gravitational field on the fluid in which the 
submarine is immersed, but rather than locating it in the 
spacetime described by Eq. we will look for a back- 
ground with planar symmetry. This is necessary in order 
to avoid the appearance of centrifugal effects which are 
not part of the submarine paradox. This is accomplished 
by the Rindler spacetime 



ds 2 



e iaZ {-dT 2 + dZ 2 ) + dx 2 + dy 1 



(2) 



where a = const > 0. The liquid layer will be set at Z £ 
(Z-,0], where Z_ < and we will assume that \Z-\ 3> 
1/a in which case the total proper depth as defined by 
static observers will be approximately 1/a. The proper 
acceleration of the liquid volume elements at some point 
(T, Z, x, y) is an) = ae~ aZ and, thus, indeed increases as 
one moves to the bottom. 

Let us assume the submarine to have rectangular shape 
and to lie initially at rest in the region x > at 
[Z±,Zt] x [a:|-,2:-i] x [2/1,2/2]- For the sake of simplic- 
ity, we will assume the submarine to be thin with respect 



to the depth 1/a, i.e. e az 



<C 1. This is not only 



physically desirable as a way to minimize turbulence and 
shear effects, but also technically convenient as will be 
seen further. At T = it begins to move along the x-axis 
towards increasing x values in such a way that eventually 
its points acquire uniform motion characterized by the 3- 
velocity v$ = dx/dT — const > 0. However, in order to 
keep the submarine uncorrupted, the whole process must 
be conducted with caution. First of all, we will impose 
that the 4-velocity of the submarine points satisfy 



the 



no-expansion con 



dition: O 



>"( S ) 



= 0. This 



be implemented by the following choice: 



v{x a )^ 



0) 



|X M + v(x a )C fi )\ 



(3) 
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where x M = (1,0,0,0) and C M = (0,0,1,0) are timelike 



2 



and spacelike Killing fields, respectively, and 



/ dx 

V{X ) = dT 




for T/x < 

2aZ T/x for < T/x < v e- 2aZ 
for T/x > v Q e~ 2aZ 



(4) 

Hence, a generic submarine point will have a timclikc 
trajectory in the region x > 0, given by Z = Zq = const, 
y = yo = const and 



x Q 



for T < 



x(T) = { ^/x 2 +e 2aZ oT 2 for < T < T un , 
x Qy Jl-v 2 e- 2aZ ° + v T for T > T un 

(5) 

where T un = xoVoe~ 2aZ ° / ' y / 1 — v^e^ 2aZ ° defines the mo- 
ment after which each submarine point acquires uniform 
motion with constant 3- velocity Vq (0 < Vq < e aZ °). 

It should be noticed that the no-expansion requirement 
is a necessary but not sufficient condition to guaranty 
that the submarine satisfies the rigid body condition 



(s) (s) (s) ' 



(6) 



i.e. that the proper distance among the submarine points 
are kept immutable, where = u^V^m^. This can 
be seen by recasting Eq. (jSJ in the form 

o-^u + (e/3)/v = 0, (7) 

where P^ = g^ v + u£ Uu is the projector operator and 

= (v„«g) P a v) - (e/3)p^ 

is the shear tensor. If the submarine were infinitely thin 
{Z±_ = Zt), then would vanish in addition to and 
the rigid body equation J7J) would be precisely verified. 
But this is not so because the fact that Z± ^ Zj- induces 
shear as the submarine is in the transition region: < 
T < T 

In order to figure out how this can be minimized, we 
must first calculate the eigenvalues Am (i=l,2,3) and the 
corresponding (mutually orthogonal) spacelike eigenvec- 
tors w'L (which also satisfies w^u^' — 0) associated with 
the equation a^ u w^ = X^w^y. 



A(i) =0, 



A 



(2)/(3) 



+ / 



wfc = (0, 0, 0, 1), u£ )/(3) = +/ - Vo^, a 2 !, 0) , 
where 

a 2 = a^a^/2 = a 2 {X) x 2 {x 2 - x 2 )/x 4 , 

a\ = ae- aZ x(x 2 - x 2 )/x 3 , a 2 , = ax 2 (x 2 - x 2 ) l / 2 /xl 

and we recall that am = ae~ aZ . Then, by locally choos- 
ing a 3-vector basis eft. = w't and assuming that 



is orthogonally transported along i.e. [ 
one obtains w^V M |e m | = A(i 



'(i)»> 



(i) 



U(s),e (i )]^ = 
Hence, 



the distortion rate of a sphere inside the submarine along 
the principal axes e^, is given by the corresponding eigen- 
values Am. In our case, no distortion is verified along the 
y-axis (see A^j and w^) and the distortion which ap- 
pears in the transition region associated with the Z-axis 
can be minimized by making |A(2)/(3)| small enough. By 
using Eq. (J5J (at T = T UD ), one obtains 



|A (2) | = |A (3) | <a (1) v e- a ^/(l-v£e-^) . 

Thus one can minimize shear effects in the submarine 
either (i) by making the final velocity to be moderate 
(t>o <C e aZ± ), (ii) by setting it in a small-acceleration 
region [in comparison to the inverse of the submarine 
Z-proper size: om <C a/(e aZT — e aZ± )], or, as consid- 
ered here, (iii) by designing the submarine thin enough 
(e aZT - e aZ± < 1). 

After the transition region, all the submarine points 
will follow isometry curves associated with the timelike 



Killing field if 



X" 



^oC^- It is easy to check by using 



0) 



(VW?7 = (0,ae-^/(l 



0,0), (8) 



where r\ = |r7 M | = e aZ (l — v 2 e~ 2aZ ) 1 / 2 that the rigid body 
equation is fully verified in this stationary region: T > 
T un . It is interesting to notice that although mariners 
aboard will not perceive any significant change in the 
submarine's form, observers at rest with the fluid will 
witness a relevant contraction in the x-axis direction as 
a function of Z (and vq); indeed, more at the top than 
at the bottom (see Fig.^l. 

Now, let us suppose that the liquid layer in which the 
submarine is immersed is a perfect fluid characterized by 
the energy-momentum tensor 

Tilv = poKWd + P ®W + , 

where vft. — x^/x with \ = \x^\ — e aZ , and p(\) and 
Pin are the fluid's proper energy density and pressure, 
respectively. From V M T M!y = 0, we obtain 

V^P (1) = -(p (1) + P (1) )a^, (9) 

where aft = (0, ae~ 2aZ , 0, 0). For later convenience, we 
cast Eq. © in the form 



p i}) dx/dl + d( X P m )/dl = 



(10) 



where we have used that 



(V*x)/x and dl is the 
differential proper distance in the Z-axis direction. 

The proper hydrostatic pressures at the bottom P± and 
on the top Pj of the submarine will be given by 



P 



... T = T ^ N ±/T N 1/T - P (\)\z=Z ±/T 



(11) 
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where N^, T = (0, 1,0, 0)e aZ ±n are unit vectors or- 
thogonal to the submarine's 4-velocity (and to the top 
and bottom surfaces). Thus, the hydrostatic scalar forces 
on the top and at the bottom of the submarine are 

Fx/t = +/- AP ±/T = +/- AP m \ z =z ±/T , 

where A is the corresponding proper area. 

In order to combine F± and Fj properly, we must 
transmit them to a common holding point. Let us as- 
sume that the forces are transmitted through a lattice 
of ideal cables and rods to some arbitrary inner point 
O = (Zq, xo,yo) inside the submarine, where its mass 
is also concentrated. Ideal cables and rods are those 
ones which transmit pressure through V = and 
have negligible energy densities. As a consequence of 
our thin-submarine assumption, our final answer will be 
mostly insensitive to the choice of O. Fl/t are re- 
lated to the transmitted forces Ff/ T at O by F®, T — 

[ r l(Z±/T)/ r l{Zo)}F±/T ■ Hence, the Arquimedes law in- 
duces the following scalar force (along the Z-axis) at O 




FIG. 1: The time evolution of a y = const section is plotted 
(using a = 1). At T — 0, the submarine is at rest and all the 
observers agree about its rectangular shape. As its velocity 
increases, however, the submarine contracts as a function of Z 
according to the observers at rest with the fluid [more on the 
top than at the bottom (see slices T = const > 0)], although 
mariners aboard in will detect no relevant change in shape. 



F 



Ft 



V d( V (Z)P (1) ) 



dl 



(12) 



Z—Zo 



where V is the submarine's proper volume and we have 
assumed that d(r)(Z)Pm)/dl does not vary much along 
the submarine so that we can neglect higher derivatives. 
This is natural in light of our thin-submarine assumption. 

In addition to F® , we must consider the force (along 
the Z-axis) associated with the gravitational field: 

F° = -ma^ s) N^\z=z 

= -mN^V^Mz^Zo 

= - {mln{Z)){d n {Z)ldl)\ z=Zo , (13) 

where aVAz=Zo is obtained from Eq. JSJ, m is the sub- 
marine mass and N^\z=z — (0> 1,0, 0)e aZ ° . 

Now, by adding up Eqs. H12|) and 1131) we obtain the 
total force on the submarine as 



m dr)(Z) V d{n{Z)P (l) ) 



V (Z) di V (z) 



dl 



(14) 



z=z c 



In order to fix the submarine's mass, we give to it just 
the necessary ballast to keep it in hydrostatic equilibrium 
when it lies at rest completely immersed. This means 
that we must impose F® t \ vo=0 



that 



X and using Eq. JTUJl, 



0. Now, by recalling 
we reach the conclu- 



sion Q that the equilibrium condition above implies that 
the submarine must be designed such that its mass-to- 
volume ratio obey the simple relation m/V — pny Then, 
by using this and Eq. (|T0l in Eq. ift^jl. it is not difficult 
to write the total proper force on the moving submarine 
as 



F° - 



-V( P{1) + P (1) ) ( 



1 dri 
rj dl 



ldx 
X dl 



Z—Zo 



= -V( P{l) +P {l) )W 



Z—Zo 



and, thus, 



-v(p(i. 



F° - 

r tot — 



where we recall that 



(15) 



Z = Z C 



(1) 



a e 



-aZ 



Clearly, for vq = 
we have F® t = 0, as it should be, but for no / we 
have F® t < and, thus, we conclude that a net force 
downwards is exerted on the submarine. 

In order to make contact of this result with the one 
obtained through Special Relativity, let us begin by as- 
suming pm = po = const, in which case we can easily 
solve Eq. ©: P(i) = Pv{e~ aZ - 1) . By letting this in 
Eq. 115|) . we obtain 



F° - 



-AaZ 



1 



-2aZ 



(16) 



Z=Z C _ 



Now, let us assume that the submarine is close to the 
surface, i.e. at Z « 0, in which case the line element 
reduces to the usual line element form of the Minkowski 
space with (T, Z, x, y) playing the role of the Cartesian 
coordinates. As a consequence, Eq. (|TT))l reduces to 



-77157(7-1/7)! 



ZxsO ' 



(17) 



where 7 = 1 / \J 1 — Vq and we have assumed that the 
gravitational field is small enough such that we can iden- 
tify the proper acceleration on the liquid volume elements 



-aZ 



Z^Q 



am = ae~"~ — ► a with the Newtonian gravity ac- 
celeration g. Notice that the first and second terms in 
Eq. (|17|) can be associated with the proper gravitational 
and buoyancy forces, respectively. Finally, by evoking 
Special Relativity to transform the force from the proper 
frame of the submarine l|17fl to the one at rest with the 
fluid, we reobtain Supplee's formula pj: 



Ft! 



-7715(7-1/7) 



4 



Thus according to observers at rest with the fluid, the 
gravitational field on the moving submarine increases ef- 
fectively by a 7 factor as a consequence of the blue-shift 
on the submarine's energy and the buoyancy force de- 
creases by the same factor because of the volume contrac- 
tion. The apparently contradictory conclusion reached 
in the submarine rest frame by the mariners, who would 
witness a density increase of the liquid volume elements 
is resolved by recalling that the gravitational field is not 
going to "appear" the same to them as to the observers 
at rest with the fluid. This is naturally taken into ac- 
count in the General-Relativistic approach (and turned 
out to be the missing ingredient which raised the para- 
dox) . This can be seen from Eq. IjlSjl by casting it in the 
form F g ° = -mae~ aZ ° /(l - v^e~ 2aZ °). Hence, accord- 
ing to mariners aboard, the effective gravitational force 
will be larger when the submarine is moving than when 



it is at rest by a factor (1 — v^e 2aZ o) 1 > 1, pushing it 
downwards. 

The Theory of Relativity is close to commemorate its 
first centennial. This is quite remarkable that it has not 
lost the gift of surprising us so far. This is definitely a 
privilege of few elders. 
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